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ON AN OPERATIONAL MATRIX METHOD BASED ON
GENERALIZED BERNOULLI POLYNOMIALS OF LEVEL m
YAMILET QUINTANA(1), WILLIAM RAMÍREZ(2), AND ALEJANDRO URIELES(3)
Abstract. An operational matrix method based on generalized Bernoulli polynomials
of level m is introduced and analyzed in order to obtain numerical solutions of initial
value problems. The most innovative component of our method comes, essentially, from
the introduction of the generalized Bernoulli polynomials of level m, which generalize
the classical Bernoulli polynomials. Computational results demonstrate that such oper-
ational matrix method can lead to very ill-conditioned matrix equations.
1. Introduction
It is well known that differential equations and their solutions play a prominent role in
fields related with science and engineering; for example, when some boundary conditions
are imposed, differential equations can be used to model many natural phenomena. Unfor-
tunately, it might be difficult (or even impossible) to find the analytical solution to some
initial value problems and, for this reason, some approximation method is often needed.
The so-called operational matrix method is one of the numerical methods available to
solve a wide class of differential equations. This technique turns the differential equation
problem into a system of algebraic equations by means of a finite set of orthogonal basis
functions, which simplifies the problem (see [1, 3–5, 7–9]). Furthermore, the requirement
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of orthogonality for the basis can be skipped when formulating those algebraic equations
and, therefore, the problem is significantly simplified (cf. [10, 16, 19]).
This paper uses the generalized Bernoulli polynomials of level m ∈ N as basis functions
in order to construct a numerical technique based on the operational matrix method men-
tioned above. This class of polynomials was firstly introduced by Natalini and Bernardini
in [14], as a generalization of the classical Bernoulli polynomials and they represent a
particular case of the so-called extensions of generalized Apostol-type polynomials [11].
The interested reader can find recent literature which contains a large number of new and
interesting properties involving these polynomials (see for instance, [11] and the references
therein).
The outline of the paper is as follows. In Section 2 some relevant properties of the
generalized Bernoulli polynomials of level m are given. Section 3 contains the basic
ideas to describe for a fixed m ∈ N, the best projection of elements in L2[0, 1] onto
the subspace B
[m−1]










. In Section 4 the operational matrices of differ-
entiation, integration and product are defined, and explicit representations of the entries
of these matrices (see Theorems 4.1 and 4.2) are established. Finally, Section 5 pro-
vides examples to demonstrate the use of the proposed method and how it leads to very
ill-conditioned matrix equations.
2. Some properties of the generalized Bernoulli polynomials of level m
For a fixed m ∈ N, the generalized Bernoulli polynomials of level m are defined by













, |z| < 2π





for all n ≥ 0. It is clear that if m = 1 in (2.1), then we obtain the definition of the
classical Bernoulli polynomials Bn(x), and classical Bernoulli numbers, respectively, i.e.,
Bn(x) = B
[0]
n (x), and Bn = B
[0]
n , respectively, for all n ≥ 0.
The generalized Bernoulli polynomials of level m and the generalized Bernoulli numbers
of level m were introduced by Natalini and Bernardini in [14] as a generalization of the
classical Bernoulli polynomials, and classical Bernoulli numbers, respectively. In that
paper, some algebraic and differential properties satisfied by those polynomials are studied
as well.
For example, the first four generalized Bernoulli polynomials of level m are:
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B
[m−1]
0 (x) = m!,
B
[m−1]




























(m+ 1)3(m+ 2)(m+ 3)
)
.
The following proposition summarizes some properties of the generalized Bernoulli poly-
nomials of level m (cf. [11, 14]).







be the sequence of generalized
Bernoulli polynomials of level m. Then the following statements hold:
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f) [14, Theorem 3.1] Differential equation. For every n ≥ 1, the polynomial B[m−1]n (x)





















In what follows, we denote by Pn the linear space of polynomials with real coefficients
and degree less than or equal to n. Notice that the inversion formula (2.4) immediately
implies that
























From the summation formula (2.2) we can obtain the following matrix form ofB
[m−1]
r (x),










































































































0 0 · · · 0
)
,
the null entries of the matrixM
[m−1]
r appear (n−r)-times andT(x) =
(
1 x · · · xr · · · xn
)T
.
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Notice that according to (2.7) the rows of the matrix M[m−1] are precisely the matrices
M
[m−1]


























Therefore, M[m−1] is an invertible matrix.
Let W[m−1] be the inverse matrix of M[m−1]. For any P (x) ∈ Pn there exist 0 ≤ s ≤ n
such that deg(P (x)) = s, and a unique (C0, . . . , Cs) ∈ Rs+1 \ {0} such that






where C is the matrix given by
C =
(
C0 C1 · · · Cs 0 · · · 0
)
,
and the null entries of the matrix C appear (n−s)-times. According to (2.8) the expression
(2.9) becomes
(2.10) P (x) = CW[m−1]B[m−1](x).
Using the inversion formula (2.4) it is possible to find an explicit expression for the
matrix W[m−1]. In order to do this, we rewrite (2.4) in matrix form as follows:











































































Therefore, Q[m−1] is an invertible matrix. Finally,





= W[m−1] = Q[m−1].
It is well known that using the Euler-Maclaurin summation formula (cf. [2, 13, 18], and
[15, Chap. 2, Sec. 3, p. 30]) it is possible to deduce the following formula for the integral







Bs+r, r, s ≥ 1.
We are interested in a similar formula for the integral of the product of two generalized
Bernoulli polynomials of level m. In order to establish a formula like (2.12), we will deduce
a summation formula of Euler-Maclaurin type based on generalized Bernoulli polynomials
of level m.
For an integer s ≥ 0 and a closed interval [a, b], let Cs[a, b] denote the set of all s-times
continuously differentiable functions defined on [a, b]. The integration by parts formula
asserts that the following result holds.



































, k = 1, . . . , s.











it suffices to apply repeated integration by parts on the right-hand side of the equation
above, using a suitable form of (2.3) in each step.
Applying the substitution f(t) = B
[m−1]
s+r (t) into (2.13) and taking into account (2.3),
















































, k = 1, . . . , s.
The expression (2.14) is our desired analogue of (2.12) in the setting of the generalized
Bernoulli polynomials of level m.
3. The best projection of elements in L2[0, 1] onto the subspace B
[m−1]
N













f(t)g(t)dt, for every f, g ∈ L2[0, 1].
Let us consider N ≥ 0. Since L2[0, 1] is a uniformly convex Banach space and B[m−1]N is
a closed convex set in L2[0, 1], for f ∈ L2[0, 1] there exists a unique ξN(f) ∈ B[m−1]N such
that (see e.g., [6, Chap. 1, Sec. 6, p. 22]).
(3.15) inf
{
‖f − p‖2 : p ∈ B[m−1]N
}
= ‖f − ξN(f)‖2.
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The element ξN(f) ∈ B[m−1]N is called the best projection of f ontoB
[m−1]
N . Furthermore,
















Thus, taking q = ξN(f) +
〈g,p〉
‖p‖22
p ∈ B[m−1]N we see that
‖f − q‖2 ≤ ‖f − ξN(f)‖2 .
But, as a consequence of (3.15) we obtain that necessarily 〈g, p〉 = 〈f − ξN(f), p〉 = 0.
More precisely,




f − ξN(f), B[m−1]r (x)
〉
= 0, for every r = 0, . . . , N.







k (x) = AB
[m−1](x),
where A is the matrix given by
A =
(
















































































r (x)dx, 0 ≤ s, r ≤ N.
Therefore, the entries of the matrix A on the right-hand side of (3.19) can be obtained




























dx is an invertible matrix.










dx is symmetric and its entries can be
obtained by (2.14).
(b) If m = 1, by (2.12) and the properties of the classical Bernoulli numbers it is









dx is invertible (cf. [16]).











Since R[m−1] is a real symmetric matrix, the Principal Axis Theorem guarantees that


























Hence, for determining the nonsingularity of the matrix R[m−1] it suffices to see that
λ
[m−1]
r 6= 0 for all r = 0, . . . , N . To the best of our knowledge, this property is not
available in the literature, not even for the case m = 1 (cf. [16]), and to find eigenvalues
of the matrix R[m−1] for a fixed m ∈ N, and show that these eigenvalues are different
from zero can be a tedious and cumbersome task, except possibly for N = 1 or N = 2.
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A similar situation occurs when criteria involving diagonal dominance are imposed (cf.,
e.g., [12]). However, one simple way to explore the non-singularity of the matrix R[m−1]
is to carry out numerical simulations (with the help of MAPLE, for instance).












4 0.666 0.222 0.044 −0.014 −0.017 −0.0007 0.011 0.007 −0.009
0.666 0.044 0.148 0.029 −0.009 −0.011 −0.0004 0.007 0.004 −0.006
0.222 0.148 0.148 0.020 −0.002 −0.006 −0.001 0.003 0.003 −0.001
0.044 0.029 0.020 0.008 0.0008 −0.002 −0.001 0.0007 0.001 0.0001
−0.014 −0.009 −0.002 0.0008 0.0009 0.0002 −0.0003 −0.0003 0.0001 0.0005
−0.017 −0.011 −0.006 −0.002 0.0002 0.0007 0.0002 −0.0003 −0.0004 0.0001
−0.0007 −0.0004 −0.001 −0.001 −0.0003 0.0002 0.0003 −0.159× 10−5 −0.0002 −0.0001
0.011 0.007 0.003 0.0007 −0.0003 −0.0003 −0.159× 10−5 0.0002 0.0001 −0.0002
0.007 0.004 0.003 0.001 0.0001 −0.0004 −0.0002 0.0001 0.0003 0.00004
















≃ 0.136427477242195 × 10−42, and the eigenvalues of the matrix R[1] are the
following










































14400 4800 2514.285 1400 771.156 394.104 167.438 39.256 −21.283
4800 2800 1638.095 975.238 563.718 300.302 133.817 35.360 −13.727
2514.285 1638.095 1052.335 663.492 400.043 221.117 102.780 29.905 −8.209
1400 975.238 663.492 436.791 272.751 155.716 75.165 23.712 −4.382
771.156 563.718 400.043 272.751 175.577 103.219 51.586 17.467 −1.920
394.104 300.302 221.117 155.716 103.219 62.468 32.323 11.707 −0.486
167.438 133.817 102.780 75.165 51.586 32.323 17.428 6.805 0.215
39.256 35.360 29.905 23.712 17.467 11.707 6.805 3.003 0.427














≃ 0.267549566246871 × 10−4, and the eigenvalues of the matrix R[4] are the
following.
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Notice that in the two previous examples R[m−1] is close to a singular matrix and
therefore it could be ill conditioned. This fact has a negative impact on the numerical
simulations that involve that matrix.
4. Operational matrices of differentiation, integration and product
In this section, we are going to provide operational matrices of differentiation, integra-
tion and product in the setting of the generalized Bernoulli polynomials of level m. The
outlines of the method are the same as that in [16]. The technical details, however, are
much more demanding than in the Bernoulli case.












We say that the matrices D[m−1] and I [m−1] are the operational matrices of differentiation






























































Suppose that C ∈ R(N+1)×1 is an arbitrary vector. We say that the matrix C[m−1] is the





C ≃ C[m−1] B[m−1](x).
12 Y. QUINTANA, W. RAMÍREZ, AND A. URIELES
Theorem 4.1. For any m ∈ N and N ≥ 0, let D[m−1] and I [m−1] be the operational




i, i = j + 1,
0, otherwise,
with 0 ≤ i, j ≤ N .
While the operational matrix I [m−1] is given by
(4.26) I [m−1] = U[m−1]Q[m−1],





















s−2 · · · 1sB
[m−1]
0 0 · · · 0
)

























N , j =
0, . . . , N , and M[m−1] the lower triangular matrix (2.7).
Proof. For the sake of clarity and readability, we have decided to include the details of
the proof of this theorem. However, one can check that it suffices to follow the reasoning
in [16, Subsections 4.1 and 4.2], making the appropriate modifications.





































0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 2 0 · · · 0 0

















It is clear that the matrix on the right-hand side of (4.27) satisfies (4.22) and consequently,
it also satisfies (4.25).
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s−2 · · · 1sB
[m−1]
0 0 · · · 0
)
T(x)
= U [m−1]s T(x),(4.28)
where the last null entries of the matrix U
[m−1]
s appear (N − s)-times, and
T(x) =
(
1 x x2 · · · xN
)T
.














































Then in view of (2.11), (4.28) and (4.29), we see that









































































Finally, from (4.30) we obtain (4.27).
Our next goal is to obtain an explicit formula for the operational matrix of the product
(4.24).
Theorem 4.2. For a fixed m ∈ N, N ≥ 0 and C ∈ R(N+1)×1, let C[m−1] be the operational
matrix of the product for the vector C. Then C[m−1] is given by
(4.31) C[m−1] = M[m−1]N[m−1],













, s = 0, . . . , N,
being η
[m−1]







N , 0 ≤ r ≤ N , and M[m−1] the lower triangular matrix (2.7).
Remark 4.1 This theorem is virtually a reflex of [10, Subsection 2.3]. Although our
approach is slightly different in this paper, the argument given here is based on the
one appearing in [10, Subsection 2.3] and it uses again the best projection of elements
in L2[0, 1] onto the subspace B
[m−1]
N . Next, the details of the proof are provided for
the readers convenience. However, we would like to emphasize that the formula for the
operational matrix of the product obtained now is completely different from the results
given in [16, Subsection 4.3].
OPERATIONAL MATRIX METHOD BASED ON BERNOULLI POLYNOMIALS OF LEVEL m 15
Proof. Let C =
(
C0 C1 · · · CN











































































k−j , j = 0, . . . , N.
The rows of the matrix on the right-hand side of (4.33) are polynomials with degrees




























where s = 0, . . . , N .































































































































In this section, four numerical examples are examined to illustrate that the proposed
method can lead to very ill-conditioned matrix equations. All the numerical experiments
are performed using MAPLE 15. Also, we would like to point out that some of these
examples have previously been used in [16, Section 5].







+ xu(x) = 0,
with initial conditions

















To solve this problem we propose the following steps:
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Step 1. Approximate d
2u(x)
dx2
by the generalized Bernoulli polynomials of level m. This














A0 A1 · · · AN
)T
is a vector with unknown components that will need to
be determined.
Step 2. Use the initial conditions (5.36) and the operational matrix of integration (4.23)
in order to obtain approximate expressions for du(x)
dx
and u(x).
















ATB[m−1](t) dt = AT
∫ x
0
B[m−1](t) dt ≃ ATI [m−1] B[m−1](x).





dt = u(x)− 1.






dt+ 1 ≃ ATI [m−1]
∫ x
0










0 · · · 0
)T
.
Step 3. Transform the differential equation into a suitable matrix equation.
The substitution of (5.38) and (5.39) into (5.35) yields






B[m−1](x) + V TB[m−1](x)
)
= 0,
and this last equation can be rewritten as













0 · · · 0
)T
, or equivalently,























Step 4. Use the operational matrix of the product.






















V ≃ V [m−1]B[m−1](x).(5.43)
Hence, the substitution of (5.41)-(5.43) into (5.40) yields
(5.44)
(
ETA[m−1] + ATI [m−1] + ETG[m−1] + ETV [m−1]
)
B[m−1](x) = 0
Step 5. Go back to the Galerkin method.






























ETA[m−1] + ATI [m−1] + ETG[m−1] + ETV [m−1]
)
R[m−1],(5.45)
where R[m−1] is the matrix given in (3.21).
Step 6. Determine the unknown components of the vector A and calculate the approxi-
mate solution uas(x).
Since R[m−1] is a nonsingular matrix (at least the numerical experimentation verifies
this fact), we deduce from (5.45) that
(5.46) ETA[m−1] + ATI [m−1] + ETG[m−1] + ETV [m−1] = 0,
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and this last matrix equation generates a linear system of N+1 equations where, of course,
the N + 1 components of vector A are the unknowns. Consequently, solving the system
generated by (5.46) and using (5.39) the approximate solution uas(x) can be calculated.






































































Finally, using (5.39) we obtain the approximate solution of (5.35):

























































































While for m = 2 and N = 10, we have








































































and the approximate solution of (5.35) is given by



























































































Figure 1 shows the plots for the absolute error between the exact solution of the problem
(5.35) and the approximate solutions (5.47) and (5.48), respectively.
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x









0.2 0.4 0.6 0.8 1
x
(b) m = 2, N = 10
Figure 1. Graphs of the absolute error between the exact solution of
the problem (5.35) and the approximate solutions (5.47) (left) and (5.48)
(right), respectively.







+ x2u(x) = x6 − x5 + 44x3 − 30x2,
with initial conditions









The exact solution of this problem is
ues(x) = x
4 − x3.
In order to solve this example, we take m = 5, N = 6 and follow the six steps as in
Example 5.1. Making the suitable modifications, from the steps 1 − 3 we obtain that
(5.49) can be transformed into the following equation




B[4](x) = x6 − x5 + 44x3 − 30x2,
where A =
(
A0 A1 · · · A6
)T
is a vector with unknown components.
22 Y. QUINTANA, W. RAMÍREZ, AND A. URIELES
Also, the polynomials x, x2, and x6 − x5 + 44x3 − 30x2 can be expressed in terms of
B[4](x) as follows:
x = ET1 B
[4](x),
x2 = ET2 B
[4](x),











































The substitution of ETj B

















A−ET3 B[4](x) = 0.
Next, the steps 4 − 6 allow us to determine the unknown components of the vector
A and calculate the approximate solution uas(x). Summarizing, it suffices to solve the
linear system associated to the following matrix equation
(5.52) ET1 A[4] + 8ATI [4] + ET2 G[4] − ET3 = 0,


































































































































































































































Figure 2 shows the plots for the absolute error between the exact solution of the problem
(5.49) and two approximate solutions for different levels.
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(b) m = 1, N = 4
Figure 2. Graphs of the absolute error between the exact solution of the
problem (5.49) and the approximate solutions for different levels withN = 4
(left: m = 5 and right: m = 1, respectively).




= 2u(x)− u2(x) + 1,
with initial condition
(5.54) u(0) = 0.
The exact solution of this problem is














In order to solve this example, we take m = 1 N = 7 and follow the six steps as in
Example 5.1 with du(x)
dx
≃ ATB[0](x), where A =
(
A0 A1 · · · A9
)T
is a vector with
unknown components. So,
(5.55) u(x) ≃ ATI[0]B[0](x),
and we can deduce the following matrix equation:
(5.56) −AT + 2ATI [0] −ATI[0]G[0] + eT1 = 0,







1 0 · · · 0
)T
.
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The matrix equation (5.56) generates a nonlinear system of 8 equations. With the aid
















































Finally, by (5.55) the approximate solution uas(x) is given by

















































































Figure 3 shows the plot for the absolute error between the exact solution of the problem
(5.53) and the approximate solution (5.57).
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(a) m = 1, N = 7
Figure 3. Graph of the absolute error between the exact solution of the
problem (5.53) and the approximate solution (5.57).





x(1 + 2 ln |x|), if x 6= 0, x ∈ [0, 1],
0, if x = 0,
(5.58)
u(0) = 0.
This example obviously fulfills the assumptions of the existence and uniqueness theorem,




x2 ln |x|, if x 6= 0,
0, if x = 0.
This function is non analytic in any neighborhood of x = 0. In order to solve this example,
we approximate du(x)
dx







A0 A1 · · · AN
)T









B[m−1](t)dt ≃ ATI [m−1]B[m−1](x).
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0 · · · 0
)T







































R[m−1] − 2ET R̃[m−1],(5.63)










Since R[m−1] is a nonsingular matrix (at least the numerical simulation satisfies this prop-
erty), we deduce from (5.63) that




















where I is the identity matrix, and the approximate solution of (5.58) is given by
uas(x) = B
TB[m−1](x),
































































































A new operational matrix method based on generalized Bernoulli polynomials of level
m ∈ N has been presented in order to obtain numerical solutions of initial value prob-
lems. We show that equations systems associated to the new scheme are very similar to
those obtained from standard operational matrix methods. Unfortunately, the numerical
evidence suggests that this operational matrix method can lead to very ill-conditioned
matrix equations, even when m = 1, i.e., when the associated matrices are best handled
from a computational point of view.
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